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Abstract

This paper is concerned with
the study of scattering of electro-
magnetic waves from a (local) per-
turbation of a fixed surface, the
boundary of a given obstacle in R3.
The goal is to produce an algo-
rithm for solving boundary value
problems in the exterior of the
perturbed domain solely based on
the knowledge of the Green func-
tion for the original surface. This
is done by solving a boundary
integral equation which only in-
volves the perturbed portion of the
boundary.

1. Introduction

This paper deals with the case of elec-
tromagnetic scattering from a perturbation
of a fixed surface that is the boundary of
a given, solid obstacle in three dimensions,
such as the fuselage of an airplane. The
perturbation under consideration consists of
finitely many bumps. We reduce an exterior
boundary value problem involving Maxwells
system of equations to solving a boundary
integral equation where the integration is
carried out only over the bumps (and not
over the entire surface). Maxwells equations
model the interaction between electromag-
netic fields and matter.
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Consider an electromagnetic wave in R?
composed of two parts, an electric wave and
a magnetic wave, which are perpendicular
to one another. Call the electric portion of
the wave £ = (E1, By, E5) and the magnetic
portion H= (Hy, Ho, H3). Let  C R3, with
boundary surface 02, be an object which the
electromagnetic wave is propagating toward.
Writing Maxwell’s equations, we have

((curlE —ikH =0 in R®\Q,
curlH +ikE=0 in R¥\Q,
ix E| =gelL2 (09),

L loa

E, H satisfy the Silver-Muller

radiation condition at infinity,

(1.1)

\

where we refer the reader to e.g., p. 153 in [1],
for details on the radiation condition. Above
1 = (n1,n9,n3) is the outward unit normal
vector to 02, ¢ is a given tangential field de-
fined on 9 with L?(9f2) components, and
k # 0 is the wave number associated with
the electromagnetic wave. In general, curl is
the standard curl operator, i.e., for a smooth
vector F' in © we have

curlF ==V x F, (1.2)



where x stands for the cross product of vec-
tors and V = (0y, 0a, 03) is the usual gradi-
ent.

A simple examination of (1.1) together
with the fact that

curl(curlE) = —AE + VdivE  (1.3)
gives

curl (%curlﬁ) +ikE =

= (curl(curlﬁ) — kQE) = (1.4)

—L(A+K)E + L VAivE =0,

where A is the Laplacian (acting on vec-
tors in a component-wise fashion), and div
is the standard divergence operator. Also,
we notice that, since div(curlF) = 0 for any
smooth vector F' in ), we have that

div(curlH) 4 ik divE = 0 = divE = 0.
(1.5)

Thus, (1.1) together with (1.4) and (1.5),
lead us to considering the following bound-
ary value problem

((A+K)E = 0 in R3\Q,

divE =0 in R\ Q,

ix E| =gel2 (09),
0N

tan

E satisfies the radiation condition

at infinity.
(1.6)

This paper is concerned with the study

of scattering of electromagnetic waves from
a perturbation 052 of a fixed surface S' = 92°
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(the boundary of a given, solid obstacle €°
in R?). The perturbation is assumed to be
local in nature, in that it is confined to a
finite portion — in fact, consisting of finitely
many “bumps.” Our main goal is to be able
to solve (1.6) knowing only the Green’s func-
tion for the original, unperturbed surface
and the boundary values on the surface with
the bumps. This type of result is highly de-
sirable in the context of solving a large num-
ber of scattering problems in which the un-
derlying surfaces are slight perturbations of
a fixed shape. The reason is that, in general,
the task of computing the Green function for
a given domain is a challenging, delicate one.
Our key technical achievement in this regard
is the reduction of (1.6) to solving a bound-
ary integral equation where the integration
is carried out only over the bumps (and not
over the entire surface). More specifically
our main result reads as follows.

Theorem. Consider €2° a bounded Lipschitz
domain in R3 such that 0Q° is the original
surface partitioned as

00° = AU B°, (1.7)

where B° is the portion of 0€2° above which
the bumps are added. Denoting by B the
bumps which are assumed to lie above B°,
we set OS2 for the perturbed surface given by

00 := AU B, P CQ  (L8)

where



Consider the boundary value problem

(((A+K)E = 0 in R®\Q,
divE =0 in R3\Q,

(092),

ixE| =geL?
. 89
E  satisfies the radiation condition

tan

at infinity.
(1.9)

Then, in order to solve (1.9) knowing the
Mazxwell Green function I'° for the unper-
turbed surface 2°, one should take the fol-
lowing steps:

e solve the boundary integral equa-
tion in the unknown h € L2_(B) given by

tan
—In(Z) +7(Z)x

/ (v (Z, )] 'h(Y) do(y)  (1.10)
= g(Z), for a. e. Z € B,

where

G(2) = §(2) —ii(Z) %

) (1.11)
SalWyI(ZY)] §(Y) do(Y),

and Wy is the 3 X 3 matrixz of first order
partial derivatives from (2.9) acting in the
variable Y.

. h(X)

o set f(X) =
H0 { g(X)
o let u= Q(f) where

for X € B,
for X € A.

— —

Q(f)(X) = /a T Y] ) da(r),
(1.12)
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where
X eR*\ Q.
Then u is a solution of (1.9).

This type of result is significant for the nu-
merical treatment of (1.6) via boundary ele-
ment methods. In a subsequent publication,
we plan to consider this numerical issue in
greater detail.

The present work builds on the paper
[3], where a similar algorithm for the re-
duced wave (Helmholtz) equation was de-
vised. Here we take the natural next step of
considering systems of PDE’s. Among other
things, working with vector-valued functions
introduces new analytic and algebraic diffi-
culties that have to be dealt with.

The layout of the paper is as follows. In
§2 we introduce the relevant notation and
review a number of preliminary results. The
Green function associated with the Maxwell
system is introduced in §3, where we also
state its main properties. In §4 we define
a solution operator associated to (1.6) and
provide its boundary behavior. In particu-
lar we show how solving (1.6) is reduced to
knowing the Green function of the original
domain €2° and the solution of a ‘local’ inte-
gral equation over the added bumps. Proofs
of results contained in §3 and §4 are to ap-
pear to in [5].

2. Preliminaries

In this section we introduce some basic
notation and recall some known results used
in the rest of the paper.

Definition 2.1. A bounded domain 2 C
R3 is called Lipschitz if for any X, € 09
there exist r, h > 0 and a coordinate system



{x1, 19, 23} in R? (isometric to the canonical
one) with origin at X along with a function
¢ : R? — R which is Lipschitz and so that
the following holds. If C(r,h) denotes the
rectangle (—r,r) X (—h,h) in the new sys-
tem of coordinates then

QN C(r,h) = {(21, 22, 23); |(w1,22)| <7
and @(331,1'2) <x3 < h}a
oNC(r,h) =

{(I17$27‘T3); ‘(I’l,l’gﬂ <r

p(r1,2) }.
(2.1)

and T3 =

Also, for a fixed, sufficiently large constant
k > 1, the non-tangential approach region
corresponding to X € 0 is defined by

T-(X):=

{Y e R®\ Q; | X — Y] < wdist (Y, 00)}.
(2.2)
Throughout the paper all restrictions to the
boundary are taken in the non-tangential
sense, i.e.,

X):= lim wu(X),for a.e. P € 09,

Xer—(P)
X—P

ulaa(

(2.3)
whenever the limit exists. Going further, we
let do stand for the surface measure on 0f2.
Then the unit normal 7 = (nq, n2, ng) to 052
is well defined at almost every (with respect
to do) point on 0f). In the sequel we also let
(-,-) denote the canonical scalar product in
R3.

Next, let F , G be smooth vectors in
Q C R3, where Q is a bounded Lipschitz do-
main. Straightforward manipulations give
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that

in €.

(2.4)
Also, via integration by parts, we can estab-
lish the following Green-type formulas:

fQ(JE curl G) dX =
Jolewrl F,GYdX + [, (F, @ x G)do

curl(curlF) = —AF + VdivF

(2.5)
and

/<(A+k2)f G) — (F, (A +k)G)dX =

(curl F,it x G) +
o0
— [ (curl G, 7 x F) +
20

(G divF, i) do
(F divG, it) do.
(2.6)

Next, for any vector Fin R3, we have

A(Y)x F = Ny F, (2.7)
where
0 —n3(Y) mna(Y)
Ny = n3(Y) 0 —TLl(Y) y
—no(Y) ny(Y) 0
(2.8)

for almost every Y € 0. Finally, for any
3 x 3 matrix A(Y') with differentiable entries
we have

curly [A(Y)e] = [y A(Y)]¢, (2.9)
where
0 —03 0O
v = O3 0 -0 , (2.10)
—0y O 0



and the subscript Y denotes the variable
with respect to which partial derivatives are
taken.

We end this section by recording a re-
sult useful in the sequel. To state it, let
®(X,Y) be the fundamental solution for the
Helmholtz operator in R3. Then

(Ay +E)P(X,Y) = 5x(Y), (2.11)
where 0 x is the delta-Dirac distribution with

mass at X and & is given by
—k|X =Y

B(X,Y) = —

=——— X YR X £Y.
47T‘X—Y” ) Y %

(2.12)
Also, for a bounded Lipschitz domain Q2 C
R? we set

L2,(09) := {F = (f1, fa, f3) : [; € L2(09),

—

j=1,2,3, and (77, f) = 0 a.e. on 9}.

(2.13)
We have

Theorem 2.2. Let 2 be a bounded Lipschitz
domain in R3, f € L2, (09) and ®(X,Y) be

as in (2.12). Then the following holds

—

limy v f@Q Vx®(X,Y) x f(Y)do(Y) =
X—Z

—

571(Z) x f(Z)

+ [ VB(ZY) x
oN

—

(Y) do(Y),

(2.14)
for almost every Z € 0f).

3. The Maxwell Green function

In this section we discuss the construc-
tion of the Maxwell Green function for the
exterior of a bounded Lipschitz domain 2° C
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R? and some useful properties. To this end,
for any & vector in R? we introduce

Go(X,Y;8) = ®(X,Y)E— U°(X,Y;8),
(3.1)

where ®(X,Y) is as in (2.12) and

U°(X,Y; @) satisfies
[ (Ay + E)U°(X,Y;8) =0 in R\ @,
divy U°(X,Y;8) = Vy®(X,Y) - &
in R?\ Q°,
A(Y) x Uo(X,Y;0)|yeonr =
DX, Y) (#(Y) % ).
U°(X, - @) satisfies the radiation

condition at infinity.
(3.2)

Employing Theorem 6.2 from p. 163 in [4]
the above boundary problem has a unique
solution. Also an inspection shows that for
a fixed ¢ constant vector in R?® and a fixed

Y € R3\ Q°, we have
R*\Q° > X — VyU’X,Y:&)  (3.3)

is continuous.
Therefore, based on (3.2) we infer that

( (Ay +F)G(X,Y;6) = 6x(Y)E
in R3\ Q°,

divy Go(X,Y;8) =0 in R3\ Q,

A(Y) x Go(X,Y;)|vean =0,

éO(X ,+; C) satisfies the radiation

L condition at infinity.

(3.4)



Next we claim that éO(X ,Y’; ¢) depends
linearly on ¢. Hence for any fixed X,Y €
R3\ Q° X # Y, there exists a 3 x
3 matrix [°(X,Y), called in the sequel
the Green matrix-valued function for the
Maxwell equations, such that

Go(X,Y;8)=T°(X,Y)c VZeR*. (35)

Indeed, since the solution of the problem
(3.2) depends linearly on the right hand
sides which in turn are linear in ¢ we con-
clude that U°(X,Y;¢@) is linear in & and so
is GO(X,Y;d).

The following result is a collection of
some useful properties of the Green matrix-
valued function I'°(X,Y’) for the Maxwell
equations. We have

Proposition 3.3. Let Q2° C R? be a bounded
Lipschitz domain and I'°(X,Y) be the Green
matriz-valued function introduced in (3.5).
Then, for each X € R3\ Qe, the following
hold

(Ay +EI(X,Y) = 6x(Y)I3 in R*\ Qe,
(3.6)

where I3 denotes the 3 X 3 identity matriz.
Let T91(X,Y), j = 1,2,3, denote the
j-th column of T°(X,Y). Then, for each
X € R3\ Q° we have
divy T (X,Y) =0 in R*\Qo, (3.7)

and
NyI?(X,Y) =0,
Yeane

where Ny is the 3 x 3 matriz from (2.7).

(3.8)

The main result of this section is the fol-
lowing.
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Theorem 3.4. Let Q° C R? be a bounded
Lipschitz domain and let T°(X,Y) be the
Mazxwell Green matriz-valued function intro-
duced in (3.5). Then, for any Xo # X1 in
R3\ Q°, we have
(X, Xo) = [[°(Xo, X)), (3.9)

Also, zfﬁ solves the problem
(((A+K)E =0 in R3\Q,

divE =0 in R3\Q°,

i x E = fe L2, (00°,

tan

—

E satisfies the radiation condition

L at infinity,
(3.10)
then
E(X) = /m [vyI°(X, y)}t FY) do(Y),
(3.11)
for
X e R*\ Qe

4. Scattering from perturbed surfaces

In this section we study the electromag-
netic scattering from a perturbed surface.
The perturbation is assumed to be local in
nature, in that it is confined to a finite por-
tion consisting of finitely many “bumps.”
Consider 2° a bounded Lipschitz domain in
R? such that 9€Q° is the original surface par-
titioned as

00° = AU B, (4.1)

where B° is the portion of 0Q2° above which
the bumps are added. Denoting by B the
bumps which are assumed to lie above B¢,
the perturbed surface of interest is

09 := AU B, CCO (42

where



Our main result of this section states that
one can solve the boundary value problem
(1.6) knowing only the Green matrix-valued
function for the Maxwell equations in the
original domain €2° and the solution of a
boundary integral equation where the inte-
gration is carried only over the bumps.

For X,)Y € R\ Q°, X # Y and ¢ a
constant vector in R?, we let G°(X,Y;¢) =
I'°(X,Y)¢, where I'°(X,Y) is the Green
matrix-valued function for the Maxwell
equations introduced in (3.5). According to
Proposition 3.3 we have

((Ay + ET(X,Y) = 6x(Y) I,
in R?\ Q°,

divy T3 (X,Y) = 0 in R3\ T, (43

NyI°(X,Y) =0.

L Y €90

Above I'*/(X,Y') denotes the j-th column of
I°(X,Y), 7 =1,2,3, and Ny is the matrix
introduced in (2.7).

Next, we introduce the solution operator
for the boundary value problem (1.6) in the
perturbed domain 2 (defined in terms of the
Green function of the original surface 0§2°)
and state some if its trademark properties.
Specifically, for each tangential vector field
fe L2 _(69) we set

tan

— —

QA i= [ [ (V)] ) do(y),
o9
(4.4)
for
X eR*\ Q.
then the following holds.

Theorem 4.5. Let ) C Q° C R? be bounded
Lipschitz domains such that (4.1)-(4.2) are
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satisfied. For each tangential vector field

fe L2 (09) we have
(A+kHQ(f)=0 in R3\Q, (4.5)
and
divo(f) =0 in R*\Q. (4.6)

—

Also, one can easily check that Q(f) satisfies
the radiation condition at infinity.

Our next results concern the boundary
behavior of the solution operator. We start
with the following useful technical result.

Proposition 4.6. Recall the bumps B and
the B° portion of the original surface over
which these lay as in (4.1)-(4.2) and denote
by O the sub-domain of Q) with the property
00 = B U B°. Consider V a vector field in
O such that

{ (A+k)V =0 in O,

- (4.7)
divV =0 in O.
Then, for each X € R3\ Q the following

holds

Lo [Yy (X, )] (7(Y) x V(Y)) do(Y) =

— [, DY, X)(#A(Y) x curly V(Y)) do(Y).
(4.8)

Theorem 4.7. Let Q° C Q be Lipschitz do-
mains as in (4.1)-(4.2) and recall the bound-
ary decomposition 02 = AU B. Then for
each tangential field fe L2, (02) we have

tan
— —

Jim i(2) x 9((X) = f2).

(4.9)

for
a.e. Z €A,



and

—

hmxe ) i(Z) x Q(f)(X) =
—1f(2) +i1(2Z)x
/6 ) (v (2, V)] (V) do(Y),
(4.10)
for
a.e. Z € B.

Recall the solution operator Q intro-
duced in (4.4). Then, using Theorem 4.7,
the following holds.

Corollary 4.8. Let Q° C Q) be Lipschitz do-
mains as in (4.1)-(4.2) and recall the bound-
ary decomposition 02 = AU B. Consider
the boundary value problem

(((A+K)E = 0
divE =0

in R3\ Q,
in R3\ Q,
1 X E 90 = g € Ltan(aQ)7

E satisfies the radiation condition

L at infinity.
(4.11)

Then Q(f) is the solution of (4.11) where

ﬂA =g R andﬂ € L2 (B) is a solution
of the following boundary integral equation
—3f(2) +ii(2)x
[ [z )] fv) doty) = 6i2),
B
(4.12)
for
a. e. Z € B,
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where
G(2):=§(2)
[ lvyTo(Z,Y)]'§(Y) do(Y).

~ ) (4.13)
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